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Introduction
The notion of a Lie bialgebroid was introduced by Mackenzie and Xu in [9] as a natural generalization of that of a Lie bialgebra, as well as the infinitesimal version of Poisson groupoids introduced by Weinstein [11] . It has been shown that much of the theory of Poisson groups and Lie bialgebras can be similarly carried out in this general context. It is therefore a basic task to study the structure of Lie bialgebroids. In particular, it is very interesting to figure out what special features a Lie bialgebroid, in which the Lie algebroid structure is transitive, would have.
The purpose of this paper is to classify all Lie bialgebroids (A, A * ), where A is transitive. We show that in this case the Lie bialgebroid structure can be characterized by a pair (Λ, Ω), where Λ is a section of ∧ 2 A and Ω is a Lie algebroid 1-cocycle for the adjoint representation of A, which defines the Lie algebroid structure on A * . Since any transitive Lie algebroid is locally isomorphic to one of the form A = T M ⊕ (M × g), this result generalizes the result in [6] where such local structures are classified.
It is well known that a Lie bialgebra can be integrated to a Poisson Lie group by lifting a Lie algebra 1-cocycle. A Lie bialgebroid can also be integrated to a Poisson groupoid under certain assumptions [10] . But the integration procedure is more complicated. However, if the Lie bialgebroid is transitive, the Poisson structure on the groupoid can be easily described, as we shall see below. In this case, to integrate a Lie bialgebroid is essentially to integrate a Lie algebroid 1-cocycle to a Lie groupoid 1-cocycle as in the case of a Lie algebra.
The paper is organized as follows. In Section 2, we recall some basic definitions and known results which will be used below. In Section 3, we prove that, for any transitive Lie bialgebroid (A, A * ), the differential associated to the Lie algebroid structure on A * always has the form d * = [Λ, ·] A + Ω, where Λ is a section of ∧ 2 A and Ω is a Lie algebroid 1-cocycle for the adjoint representation of A. In Section 4, we prove that, for any transitive Poisson groupoid (Γ, Π ), the Poisson structure has the form Π = ← − Λ − − → Λ + Π F , where Π F is a bivector field on Γ associated to a Lie groupoid 1-cocycle F . When Γ is α-simply connected, F can be obtained by integrating a Lie algebroid 1-cocycle. In Section 5, we first discuss some properties of the cohomology for Lie algebroids, which we then further study in the case of a coboundary Lie bialgebroid.
Preliminaries
Throughout the paper we suppose that the base of the Lie algebroids and Lie groupoids under consideration are connected. By (A, [·, ·] A , ρ), we denote a Lie algebroid A with Lie bracket [·, ·] A on Γ (A) and anchor map ρ : A → T M. By (Γ ⇒ M; α, β), we denote a Lie groupoid Γ with source and target maps α, β : Γ → M and we denote by Γ [2] (p, q) ∈ Γ × Γ | β(p) = α(q) the set of composable pairs of points.
Lie bialgebroids and Poisson groupoids. A Lie bialgebroid is a pair of Lie algebroids (A, A
* ) satisfying the following compatibility condition
where the differential d * on Γ (∧ • A) comes from the Lie algebroid structure on A * (see [4, 9] for more details). Of course, one can also denote a Lie bialgebroid by the pair (A, d * ), since the anchor ρ * : A * → T M and the Lie bracket [·, ·] * on the dual bundle are defined by d * as follows: ρ The global objects corresponding to Lie bialgebroids are Poisson groupoids, introduced by Weinstein [11] . A Poisson groupoid is a Poisson manifold Γ carrying the structure of a groupoid with base M, for which the graph of the multiplication, {(x, y, z) | z = xy}, is a coisotropic submanifold of Γ × Γ × Γ (Γ is Γ with the opposite Poisson structure). In this paper we use the following equivalent definition of Poisson groupoids given by Xu in [13] . 
where X and Y are any bisections of Γ through the points p and q respectively; 2) M is a coisotropic submanifold; 3) for any r ∈ Γ , α * Π(r) and β * Π(r) only depend on the base points α(r) and β(r) respectively; 4) α and β Poisson commute, i.e., {α * f, β
The adjoint representations of transitive Lie algebroids (groupoids) and cohomology. For a transitive Lie algebroid (A, [·, ·]
A , ρ) over M (i.e., the anchor ρ is surjective), the Atiyah sequence is as follows:
where L is the kernel of ρ, called the adjoint bundle of A. It is known that L is a Lie algebra bundle, with fiber a Lie algebra g. By [·, ·] L , we denote the fiber-wise bracket on L (see [8] ).
For any u ∈ Γ (A), the map ad u :
e., a bundle map from A to L, is a Lie algebroid 1-cocycle if and only if
It seems that there is no complete reference for a general theory of Lie groupoid cohomology. Some special cases are discussed in [2, 7, 12] . In this paper, we consider only the cohomology of transitive Lie groupoids associated to the adjoint representation. For a transitive Lie groupoid (Γ ⇒ M; α, β), we take the tangent Lie algebroid A as
The corresponding adjoint bundle of Γ is
which is exactly the adjoint bundle of A. The adjoint representation of Γ on L is given by
Here l p and r p are the multiplication maps to the left and right by p respectively. A smooth map F :
is called a Lie groupoid 1-cocycle if the following equality holds [2] .
Applying the tangent functor to the Lie groupoid 1-cocycle F , one obtains a Lie algebroid 1-cocycle F * : A → L, called the infinitesimal of F . For each element u ∈ A x , the value of F * at u is given explicitly by
where r :
is a smooth curve such that r(0) = x and r (0) = u. The adjoint representations of A and Γ on L give rise to representations on bundle L ∧ L, which will be used in this paper. 
Connections on transitive
To describe parallel translations of L, it is convenient to introduce the symbol ∇ : T M → CDO(L) (the bundle of covariant differential operators, see [8] ) to denote the connection of L induced by γ ,
The curvature of ∇ is the map
The relation between these two curvatures is
Any smooth path c : 
Transitive Lie bialgebroids
From now on, we consider the adjoint representation of A and Γ on L ∧ L associated to that on L and mentioned in the last section, and we write L 2 for L ∧ L.
if Ω is a 1-cocycle and satisfies
Here Ω(Λ) and Ω 2 make sense by means of the extension of Ω as a derivation of the graded bundle,
It is easy to see that if (Λ, Ω) is A-compatible, then so is the pair
A . Now we state the main theorem of this section.
Theorem 3.2. Let (A, [·, ·] A , ρ) be a transitive Lie algebroid over M. Then there is a one-to-one correspondence between Lie bialgebroids (A, d * ) and equivalence classes of A-compatible pairs (Λ, Ω) such that
We split the proof of this theorem into the following three lemmas.
Lemma 3.3. If (Λ, Ω) is an A-compatible pair, then (A, d * ) is a Lie bialgebroid where the operator
is defined by formula (13) . Moreover, equivalent A-compatible pairs determine the same Lie bialgebroid via this rule.
Proof.
Because Ω is a 1-cocycle, d * evidently satisfies Eq. (1), and will not change if we choose another
one gets the identity
Therefore the compatibility of the pair is equivalent to d
Next we turn to the converse problem. How does a Lie bialgebroid (A, d * ) determine an A-compatible pair? First let us recall some facts concerning Lie bialgebroids. Assume that
* is a morphism of Lie algebroids and ρ * * :
. Now, fix a connection γ on A, we define a skew-symmetric bundle map
and we denote the corresponding section of ∧ 2 A by Λ.
Lemma 3.4. With the preceding notations, we obtain an A-compatible pair (Λ, Ω) for Lie bialgebroid
where Ω is defined by
Proof. First we claim that
This implies that Ω, defined by formula (15), satisfies
and hence is indeed a bundle map
Here we used the fact that [9, Proposition 3.4]
Moreover, since both d * and [Λ, ·] A are derivations, so is Ω. In other words, it is a 1-cocycle. Thus (Λ, Ω) is an A-compatible pair by formula (14) since d
In the above proof, we showed how to determine Λ by means of an arbitrary connection γ . It is natural to ask how the data (Λ, Ω) varies, when one chooses another connection, say γ . In this case, there exists a bundle map J :
From the above analysis, we see that the A-compatible pairs constructed by different connections are equivalent. Moreover, we have Proof. From the assumption, we have
Proof of Theorem 3.2. Combining Lemmas 3.3, 3.4 and 3.5 above, the conclusion follows. 2
Corollary 3.6. Assume that (Λ, Ω) is an A-compatible pair for Lie bialgebroid (A, A * ). Then ρ(Λ) = π is the Poisson structure on base M induced by the Lie bialgebroid structure.
Proof. By definition, we have
This completes the proof. 2 Our work in this section is essentially inspired by the results of [6] , where it is proved that, for A = T M ⊕ (M × g) and H 1 (M) = 0, then there exists a one-to-one correspondence between Lie bialgebroids (A, A * ) and equivalence classes of quadruples (π, θ, τ, δ) satisfying certain compatibility conditions. For this special case, the corresponding A-compatible pair can be chosen to be
By means of the connection γ , we may identify Im γ with T M and thus A ∼ = T M ⊕ L, as vector bundles. So T M ⊕ L carries the following brackets coming from A,
As Lie algebroids, we do not distinguish the two objects. Now by
If Ω is a 1-cocycle, then ∆ and δ satisfy the relations,
Thus, ∆ is a closed 1-form and δ is a derivation. Because M is simply connected, ∆ must be a coboundary. Thus there exists τ ∈ C ∞ (M, g 2 ) such that ∆ = dτ and
Then Ω = −∂ ad τ + δ 0 , where we treat δ 0 as a bundle map A → L 2 which vanishes on Im(γ ). Consequently, 
where γ = −ρ * * • π −1 is a flat connection on A.
Transitive Poisson groupoids
Throughout this section, we assume that the Lie groupoid (Γ ⇒ M; α, β) is α-connected and when we say that Γ is α-simply connected we mean that Γ is also α-connected. We write Γ . In fact, the exterior differential is given by the relation [9, 13] .
(20)
Moreover, the Poisson structure on M coming from the Lie bialgebroid
Notice that Π F is a section of the isotropic distribution and satisfies the multiplicativity property, [2] .
Definition 4.1. For a transitive Lie groupoid (Γ ⇒ M; α, β) with tangent Lie algebroid A, a pair (Λ, F),
where Λ ∈ Γ (∧ 2 A) and F is a 1-cocycle on Γ with values in L 2 , is called Γ -compatible, if (Λ, F * ) is A-compatible, where F * is the infinitesimal of F given in (6). Two Γ -compatible pairs (Λ, F), (Λ , F ) are called equivalent, written (Λ, F) ∼ (Λ , F ), if (Λ, F * ) ∼ (Λ , F * ).
Lemma 4.2. Assume that Γ is α-connected. Two pairs (Λ, F), (Λ , F ) are Γ -compatible if and only if there exists ν ∈ Γ (L
2 ), such that
Proof. By the cocycle condition (5), one has
If we assume (23) and
Obviously the function f on
Since Γ x is connected, the uniqueness of solutions to ordinary differential equations yields F| Γ x = f . This proves (24). 2
The main theorem in this section is the following, which may be regarded as a global version of Theorem 3.2.
Theorem 4.3. Assume that Γ is an α-connected transitive Lie groupoid. Then there is a one-to-one correspondence between Poisson groupoids (Γ, Π ) and equivalence classes of Γ -compatible pairs (Λ, F) such that
(25) Π = ← − Λ − − → Λ + Π F ,
where Π F is defined by Eq. (21).
We split the proof into the following three lemmas and for all of them we assume that Γ satisfies the hypotheses of Theorem 4.3.
Lemma 4.4. For any Γ -compatible pair (Λ, F), Π defined by formula (25) is a Poisson structure.
Moreover, equivalent Γ -compatible pairs determine the same Poisson structure.
To prove this, we use the cocycle condition (5) and F| M = 0, and we get
Then the second equation is obtained by applying ι * to both sides of the first. Now, we can compute
Claim (3).
∀u ∈ Γ (A).
In fact, by the definition of Π , we have
As direct consequences of Claim (3), the relations
To prove this, we need the help of a connection γ to decompose the tangent spaces of Γ , just as a connection yields a decomposition A = Im(γ ) ⊕ Ker(ρ). Let B be the distribution on Γ defined by 
Here by (·) L we indicate the sum of terms in (·) ∈ ∧ 3 T Γ of type ∧ 3 L. The first two terms in the above expression vanish at points in M because the action of ι * on
In addition, we can prove that [Π F , Π F ] satisfies a multiplicativity formula similar to that of Π F (see Eq. (22)).
Since Eq. (28) 
Lemma 4.5. With the same assumptions as in Lemma 4.4, (Γ, Π ) is a Poisson groupoid. Moreover, (Λ, F * ) is an A-compatible pair for its tangent Lie bialgebroid (A, A * ).
Proof. We prove that Π satisfies properties 1)-5) of Theorem 2.1. 1) We check the multiplicative property (2) . Assume that p, q ∈ Γ are such that β(p) = α(q) = c and let us choose bisections X and Y through the points p and q respectively. Then from the definition (25), we obtain
Combining this result with property (22) of Π F , we see that property (2) is satisfied.
2) First notice that
Recall the decomposition of the tangent spaces T Γ = A ⊕ B ⊕ L in the proof of Lemma 4.4, by means of an arbitrary connection γ . Without loss of generality we assume that
On the other hand, one has
Thus, (25) and Corollary 3.6, we obtain 
This shows that Π (T M
Note that ι * Π F = −Π F . Applying ι * to the above result, we get i α * (df ) Π F = 0. We also claim that Π F satisfies (22). In fact, this follows from Π 's multiplicativity, Eq. 
Then a short calculation shows that u x (F|
The existence of (Λ, F) is already proved. Next we should prove that if (Λ , F ) is another compatible pair and also satisfies Π =
In fact, it is easy to see that (Λ, F * ) ∼ (Λ , F * ) because they both correspond to the same Lie bialgebroid (A, A * ). By Lemma 3.5, there exists
we obtain
This completes the proof. 2
Proof of Theorem 4.3. Combining the three lemmas above, the conclusion follows. 2
The remaining part of this section deals with the integration of Lie bialgebroids. It is known that a Lie bialgebra can be integrated to a Poisson Lie group by lifting a Lie algebra 1-cocycle. A Lie bialgebroid can also be integrated to a Poisson groupoid under certain assumptions [10] , but the integration procedure is more complicated. However, if the Lie bialgebroid is transitive, the Poisson structure on the groupoid can be easily described as we shall show below. In this case, to integrate a Lie bialgebroid is essentially to integrate a Lie algebroid 1-cocycle to a Lie groupoid 1-cocycle as in the Poisson group case.
Let Γ be an α-simply connected Lie groupoid integrating A (otherwise one needs to consider the union of the universal covering spaces of the α-fibers, cf. [8, II.6] , on the topic of monodromy groupoids; see also [1] ). In this case, we call Γ a monodromy groupoid. We fix the Lie bialgebroid (A, A * ) and an A-compatible pair (Λ, Ω), and we will recover the Poisson structure on Γ . The Ad G -equivariant forms, which we now explain, are needed in the course of the construction ([3, II.5], where they are called tensorial forms).
For any point x ∈ M, we consider the α-fiber Γ x = P . Let G = Γ x x be the isotropy group at x. Then (P , , M, G) is a principal bundle, where = β| Γ x and G acts on P by multiplication [8, III.1] . The Atiyah sequence of the principal bundle is
where T P stands for the vertical tangent vectors, i.e., those u ∈ T P which vanish under * . This sequence is the geometric version of (3).
We consider the Ad G -equivariant
and
With the ordinary exterior differential d :
, is defined in the following way. For every b ∈ M, choose p ∈ Γ x such that β(p) = b, and then we set 
where the smooth curvec :
Since Γ x is simply connected and Ω is closed, the value of F x (p) will not be affected if we choose another curvec . In this way we get a map Proof. For (p, q) ∈ Γ [2] , such that β(p) = α(q) = b, we take two curvesc,d : 
where F is the Lie groupoid 1-cocycle integrating Ω.
Coboundary Lie bialgebroids
It is known that, for any section Λ ∈ Γ (∧ 2 A), one can define a bracket on Γ (A * ) by
With the bracket defined above and anchor map [5] . In the particular case where [Λ, Λ] A = 0, the Lie bialgebroid is called triangular [10] .
By our definition of A-compatible pairs, the pair corresponding to a coboundary Lie bialgebroid can be chosen to be (Λ, 0) or, equivalently, (A, A * ) is a coboundary Lie bialgebroid if and only if the second element of the A-compatible pair Ω ∈ C 1 (A, L 2 ) is a coboundary. Therefore, to deal with coboundary Lie bialgebroids, one first needs to study the properties of Lie algebroid 1-cocycles.
We fix a connection γ on A and identify A ∼ = T M ⊕ L as Lie algebroids (see Eqs. (16) and (17)). 
Notice that Eq. (34) means that δ y is a 1-cocycle on L y with values in L 2 y , for all y ∈ M. From now on, we fix a point x ∈ M. For the Lie algebra
we consider the Chevalley complex C • (g, g 2 ) where g 2 is regarded as a g-module by the adjoint representation. We denote the set of k-cocycles in
) and the corresponding Chevalley cohomology groups by H k (g, g 2 ). Let the set of all smooth paths on M starting from x be
Associated to the 1-cocycle Ω, there are two maps
and To evaluate the last term, we compute In fact, the last conclusion was already shown in [5] for general integrable coboundary Lie bialgebroids.
